A relativistic membrane is usually represented by the Dirac-Nambu-Goto action in terms of the extremal area of a 3-dimensional timelike submanifold of Minkowski space. In this paper we show that a relativistic membrane admits an equivalent representation in terms of the Kalb-Ramond gauge field F µνρ = ∂ [ µ B νρ] encountered in string theory. At first glance this is somewhat surprising, since the Kalb-Ramond field is usually interpreted as the spin-0 radiation field generated by a closed string.
By " equivalence " of the two representations we mean the following: if x = X(ξ) is a solution of the classical equations of motion derived from the Dirac-Nambu-Goto action, then it is always possible to find a differential form of rank three, satisfying Maxwell-type equations, such that, in a coordinate basis whereẊ µνρ represents the tangent three-vector to the membrane world-track.The converse proposition is also true.
In the first part of the paper, we show that a relativistic membrane, regarded as a mechanical system, admits a Hamilton-Jacobi formulation in which the H-J function describing a family of classical membrane histories is given by F = dB = dS 1 ∧ dS 2 ∧ dS 3 where the three scalar functions S i (x) are the Clebsch potentials.
In the second part of the paper, we introduce a new lagrangian of the KalbRamond type which provides a first order formulation for both open and closed membranes. The advantage of the lagrangian approach is that it shows explicitly the correspondence between the gauge formulation of the membrane in terms of the Kalb-Ramond potential and the geometric formulation of the membrane in terms of the mechanical coordinates X µ (ξ). Finally, for completeness, we show that such a correspondence can be established in the very general case of a p-brane coupled to gravity in a spacetime of arbitrary dimensionality.
Introduction
There is a remarkable but relatively unknown correspondence between the dynamics of a relativistic string and a restricted class of electromagnetic fields characterized by the condition * F µν F µν = 0. The key formula that links gauge fields to string coordinates is given by F µν (x = X(τ, σ)) = (const.)Ẋ µν / −
2Ẋ
αβẊ αβ , whereẊ µν represents the tangent element to the world sheet of the string ⋆ . Even more remarkable is the fact that a relativistic string, regarded as a mechanical system, admits a generalized Hamilton-Jacobi formulation in which the H-J function describing a family of classical string histories is given by H = 1 4 F µν F µν = const. These results where established many years ago by Nambu [1] , Kastrup and Rinke [2] , and lead one to speculate whether the correspondence between relativistic strings and Maxwell fields represents a peculiar mathematical coincidence or, whether it represents a special case of a general gauge field representation of geometric objects of any dimensionality. With this question in mind, the primary purpose of this paper is to show that a definite relationship exists between relativistic membranes and gauge fields of Kalb-Ramond type. We shall illustrate the precise sense of this correspondence by developing the Hamilton-Jacobi theory for a relativistic membrane in a way which is analogous to the case of point particles and strings; an obvious pattern emerges from this analysis and we show that our results can be extended to a generic hypersurface, or p-brane, embedded in a Riemannian manifold with an arbitrary number of dimensions.
Before we embark on a technical discussion of our results, let us deal briefly with the obvious question: why should one undertake this program of research in the first place?
There are many excellent reasons that one may advocate for this study: for instance, Nambu's objective was to establish a definite relationship between the string model as a phenomenological approach to the dynamics of hadrons and the fundamental degrees of freedom of Quantum Chromodynamics, with an eye on the long standing problem of quark confinement; Kastrup and Rinke were more interested in the mathematical aspects of the correspondence between strings and gauge fields especially in connection with Carathéodory's H-J theory for fields, while Eguchi and Hosotani [3, 4] were exploring an alternative route to the quantization of relativistic strings. To our mind, all of the above arguments are equally ⋆ If x µ = X µ (τ, σ) represents the embedding of the string world-sheet in Minkowski spacetime, thenẊ
.
valid and in a subsequent paper we shall address the problem of deriving the functional wave equation for membranes which reduces to the Hamilton-Jacobi equation in the classical limit [5] . However, more compelling from our vantage point is the fact that relativistic extended objects, either as solutions of local quantum field theories or as fundamental geometric structures in spacetime, are playing an increasingly important role not only in particle physics but also in cosmology [6] , especially in connection with the physical processes leading to mass generation [7] and to the formation of structure in the early universe [8] . Further progress in this direction is possible only if we have a firm grasp of the basic dynamical properties of extended objects.
The content of the paper can be summarized as follows: Sect.2 provides the background of our work and is devoted to introduce notation, conventions, and to define the geodesic field of a membrane.
In the first part of Sect.3 we derive the canonical Hamilton-Jacobi equations for a relativistic membrane described by the Nambu-Goto action and discuss the consequences of reparametrization invariance. In the second part of the section we introduce a non-canonical formalism, particularly suited to treat reparametrization invariant theory. The main result of this section is the set of generalized HamiltonJacobi equations for the membrane.
In Sect.4 we introduce a new Kalb-Ramond type field theory, both for open and closed membranes, and discuss the relationship between solutions of the generalized Maxwell equations and solutions of the membrane classical equations of motion.
In Sect. 5 we illustrate how the formalism works in four dimensions by constructing the explicit gauge field representation of a spherical membrane.
In Sect. 6 we complete our discussion by extending the results of section 4 to the case of a p-brane embedded in a D-dimensional Riemannian manifold. Interestingly enough, the gauge theory of a (D-1)-brane, or hyperbag, turns out to be equivalent to the gauge formulation of the cosmological constant in Einstein's equations.
Appendix A collects some useful geometrical definitions and theorems, mainly concerning the rank and class of a differential form [9] .
In Appendix B we give a brief derivation of the Hamilton-Jacobi theory for a relativistic membrane starting from a parametrized canonical hamiltonian.
Throughout the paper we shall express physical quantities in natural units h = c = 1, and use metric signature − + ++.
Background and Definitions
The crux of the correspondence between relativistic strings and electromagnetic fields is the mathematical property that the Maxwell field is a closed 2-form of rank 2. In Appendix A we define the notion of " rank " of a differential form; roughly speaking, it means that one can find a coordinate system in which
Thus the gauge potential is A µ = S 1 ∂ µ S 2 = −S 2 ∂ µ S 1 , one form being obtained from the other by the gauge transformation A → A+d(S 1 S 2 ). The two functions S 1 and S 2 are interpreted as scalar potentials in the HamiltonJacobi theory of relativistic strings [1, 2] .
Even at this early stage, one cannot fail to observe that the number of independent scalar functions S i is the same as the number of geometric dimensions of the world-history of the object in spacetime, i.e. 1-dimension for point particles and 2-dimensions for strings [2] . However, one may wonder why the H-J function for strings involves the electromagnetic field which mediates the interaction between point-like charges. The most naive answer that comes to our mind is that a set of two point charges described by their world-lines define the closed boundary of a string to which one associates a world-sheet in spacetime; since F µν (x = X(τ, σ)) represents the field of tangential planes to the extremal surface, one expects that locally, i.e. in the neighborhood of a point on the world sheet, F µν ∼Ẋ µν .
To complete our preliminary discussion we note that the case of a relativistic string is exceptional in one respect which is worth spelling out now: with reference to the definitions given in Appendix A, in four dimensions the electromagnetic field F = 1 2 F µν dx µ ∧dx ν , is of rank 4 and the associated system Λ * (F ) is spanned by four 1-forms dx µ . The only associated vector field is X = 0. As a matter of fact, the equation v µ F µν = 0 admits only the trivial solution X = 0 if detF µν = ( E · B) 2 = 0. However, if detF µν = 0 and F µν = 0, then F has rank two and its associated space A(F ) can be spanned by two vector fields
Furthermore, if F has rank 2, its class is also 2 since dF = 0. Then the differential system above is integrable and defines two submanifolds S i (x) = const., i = 1, 2 of M 4 which can be regarded as 2-dimensional Hamilton-Jacobi wave fronts associated with the motion of a relativistic string. The restriction * F µν F µν = 0 reduces the rank of F from 4 to 2.
On the basis of the foregoing discussion one is led to expect that the HamiltonJacobi theory of a relativistic membrane, whose world-track H is a 3-dimensional timelike submanifold of M 4 , requires three scalar functions S i , (i = 1, 2, 3), and involves a generalized " Maxwell field " of Kalb-Ramond type
One further expects that, if ξ a (a = 0, 1, 2) are local lorentzian coordinates parametrizing H, then F λµν (x) ∼Ẋ λµν for x = X(ξ a ), wherė
represents the tangent 3-vector to the world-history of the bubble in spacetime.
To show that this is indeed the case, start from the Nambu-Goto lagrangian L = L(Ẋ) for a closed membrane
where ρ represents the surface tension andẊ (λµν) denotes the restricted components ofẊ, i.e.Ẋ λµν with λ < µ < ν.
The stationary action principle, when applied to the membrane action S = d 3 ξ L, leads to the classical equations of motion
representing the conservation of the volume canonical momentum
along the membrane history. For an open membrane one would find, in addition, the constraint that Π µνρ must vanish along the boundary, that is Π µνρẊ νρ = 0, whereẊ νρ represents the tangent element to the boundary itself. Equation (2.2) can also be written in the more conventional form 6) so that
The volume momentum differs from zero only along the world history of the extended object, in the same way as the ordinary linear momentum, say P µ , is non-vanishing only along the world-line of a point particle. However, suppose it is possible to define in a non-trivial way ⋆ a smooth field Π µνρ (x) over the spacetime manifold, which coincides with Π λµν (ξ) along x µ = X µ (ξ). Then, we can introduce the 3-form
When evaluated on the membrane, that is for x = X(ξ), Ω is nothing but the action element:
The introduction of the field Π λµν (x) as the spacetime counterpart of Π λµν (ξ) is not a trivial operation. The main difficulty is that there is a basic ambiguity,in the sense that many different Π(x) can match Π(ξ) along the membrane world-track, so that the correspondence between Π(x) and Π(ξ) is not necessarily one-to-one, thus causing integrability problems. However, in analogy to the string case, there is a particular canonical extension of Π λµν (ξ) which leads to a gauge description of the membrane in terms of .three scalar potentials. Such a canonical extension hinges on the properties of a special geometric field which describes the tangent element to the membrane world-surface. A slope field (x, Φ(x)) for a family of ⋆ The trivial extension is
In this case, the field Π λµν (x) is nothing but the membrane current J µνρ (x) except for a proportionality constant. However, this is not the correct way to extend Π λµν (ξ) in order to formulate a gauge theory for the membrane ( see below and the discussion at the beginning of Sect.4). extremals of the action S, is a 3-vector Φ (λµν) (x) such that:
The slope field is a generalization of the velocity field: it is a field in the sense that it is defined at every point in spacetime, but when evaluated along the history of the object ( point-particle, string, membrane, . . . ), it gives the corresponding tangent element. A non-relativistic example of slope-field which has inspired us, is found in the formulation of the dynamics of vortices in a super-fluid [10] . A vortex can be described as a closed curve Γ in R 3 , parametrized by three functions x i = X i (σ); the vortex moves in a fluid which is described by a divergenceless velocity field v i = v i (t, x k ). The dynamical input of the model is the requirement that at any given point the vortex velocity coincides with the fluid velocity
Then we can establish the following correspondence:
fluid velocity field ⇐⇒ slope field vortex velocity ⇐⇒ tangent element .
In terms of this geometric field the volume momentum can be extended as follows
Then,it follows from the definition (2.11), that Π x = X, Φ =Ẋ = Π λµν (ξ).
The slope field is said to be geodesic with respect to the Lagrangian L if the form Ω(x,Ẋ = Φ) is closed:
Since Ω is a 3-form in four dimensions, and it is closed, then its rank and class are three. Therefore, locally, Ω can be written in terms of three exact differentials
The functions S i (x) are the Clebsch potentials [1, 2] .
This property represents an essential difference with respect to the string case: as mentioned earlier, a string can be described in terms of a rank-2, Maxwell twoform F µν ; but in four dimensions a two-form has generally rank-4. Thus, one imposes Plücker's conditions [2] : ǫ µνρσ F µν F ρσ = 0, to reduce the rank of the form to two. In this sense the description of the membrane in terms of a 3-form is more natural than the description of a string in terms of a 2-form, since no extra conditions are required.
Finally, by definition the membrane is imbedded in the geodesic field (x, Φ(x)) if there exists a function γ(ξ) > 0 such thaṫ
Then, we call (x, Φ(x)) a geodesic field for X(ξ), and the field Π λµν (x) represents the desired canonical extension of Π λµν (ξ).
In what follows we show that the geodesic field of a membrane satisfies generalized Maxwell equations, and that solving these equations is equivalent to solving the Nambu-Goto equation of motion (2.2).
Hamilton-Jacobi Formalism
In the first part of this section we shall outline the H-J description of the classical dynamics of a relativistic membrane. In the second part we shall rephrase this approach in terms of Carathéory's formulation of the H-J theory. The merit of the latter formulation is that it brings out the explicit correspondence between the geometric description and the gauge field description of extended relativistic objects.
Canonical H-J formulation
The action for a closed membrane in Minkowski spacetime is
where the domain D in parameter space is a three-surface having the initial and final membrane configurations as its only ( spacelike ) boundary:
⋆ In order to avoid technical complications we shall restrict our discussion to the case of closed membranes. This means that the only boundary of the world-track swept in spacetime by the extended object is represented by the initial and final membrane configurations. In the case of an open membrane, an additional boundary contribution must be taken into account, but this extra contribution does not affect the conclusions of this section.
is the embedding of the membrane world-track in Minkowski spacetime and
represent the two components of the boundary, i) = 1), 2), in parameter space, then
are the corresponding embeddings of the initial, and final membrane.
The action (3.1) is invariant under boundary preserving reparametrizations
The volume momentum (2.6)implies the constraint
On the other hand, the canonical hamiltonian vanishes identically on account of the homogeneity inẊ µνρ of (2.1)which, in turn, stems from the requirement of reparametrization invariance:
Therefore, the equation of motion can be obtained by extremizing the HamiltonJacobi action † ( see Appendix B )
under variation of X(ξ), Π(ξ) and N(ξ) with the boundary conditions (3.2) . N(ξ) is a Lagrange multiplier enforcing the constraint (3.4), so that, varying S, one obtains † It is worthwhile to remark that the least action principle in the Jacobi formulation describes a system at " fixed energy ", while the physical time lapse between the initial and final configuration is free [11] . In our case, " the constant value of the energy " is ρ 2 and the physical time is replaced by the proper volume of the membrane world-tube. The Jacobi approach to General Relativity produces similar interesting results. The fixed value of the energy is, in this case, the value of the cosmological constant [12] , which can be viewed as the surface tension of the cosmic vacuum.
Integration by parts enables us to isolate the boundary terms
and the resulting equations of motion are
On the basis of equations(3.9) and (3.11) we define
Then, by inserting N cl. in Π µνρ cl. we obtain the volume momentum (2.6)corresponding to a classical solution of eq.(3.10).
The purpose of the above manipulations is to lay the foundations of a future theory of quantum membranes in the form of a semiclassical functional wave equation. As a matter of fact, in the existing literature there are two different attitudes towards the quantization of extended objects. The first is to proceed as closely as possible to the quantization of point-like particles. In modern language, that means to study the spectrum of small oscillations around some suitable classical solution playing the role of ground state of the system, and then to interpret the excited states of the system as " particles " [13] . The second approach is of a more geometrical nature and consists in studying a suitable functional wave equation determining the probability amplitude for a given configuration of the membrane [14] ‡ .
In the spirit of the second approach, we demand that the variation of the membrane action be restricted to the set of classical solutions so that the terms in (3.8) leading to the equations of motion vanish together with the term which is proportional to H 0 . Hence, we find
From here we obtain an expression for the classical volume momentum evaluated at the final membrane configuration
Before proceeding, it is interesting to point out the close analogy between our results (3.13), (3.14) and the corresponding Jacobi variation of the canonical action for a non-relativistic particle as discussed, for instance, by Brown and York [15] . For a non relativistic particle, the reparametrized action reads
where τ is a suitable parameter along the path of the system in state space, and the coordinate time t is now considered as a dynamical variable t = t(τ ). Varying ‡ In this connection, it is worthwhile to note the close analogy of our present discussion with the methods of covariant and canonical quantization of gravity. In the first case the emphasis is on the concept of graviton as the particle counterpart of the spacetime metric, and the main purpose is to investigate graviton interactions with all the other elementary particles. In the second case one studies the quantum geometry on a given spacelike slice by introducing a " wave function of the universe " as a solution of the Wheeler-De Witt functional wave equation. Both approaches provide far reaching insights into different aspects of gravity.
the action ( by keeping fixed the end-points x 1,2 = x(τ 1,2 ) ) among the classical solutions of the equations of motion we obtain
The non-relativistic Hamilton-Jacobi equations follow immediately from (3.16), e.g., we find the classical momentum and energy at the final point as
Eq.(3.14) is exactly the relativistic counterpart of (3.17). However, as a consequence of reparametrization invariance, there is no equation which corresponds to (3.18), i.e., there is no way to associate a canonical energy to the relativistic membrane. Equation (3.14) is instrumental in interpreting the momentum constraint as the Hamilton-Jacobi equation of a relativistic membrane. In fact, ( in what follows we shall omit the label 2) )
Then, by taking into account the definition (3.12) and setting
we obtain the Hamilton-Jacobi form of the momentum constraint [29] :
Equation (3.20) represents the desired result: it can be interpreted as the semi-classical limit of a membrane functional relativistic wave equation; as such, it provides a suitable starting point towards the quantum mechanics of the membrane considered as a geometrical extended object rather than an ordinary matter field multiplet defined over the three-dimensional world-track.
The problem of deriving a functional wave equation corresponding to (3.20) , namely, the Wheeler-De Witt equation for the membrane functional, will be investigated elsewhere [5] . Presently, we wish to introduce a generalized HamiltonJacobi formalism and show how this novel approach leads to a gauge theory of a relativistic membrane.
Generalized Hamilton-Jacobi formulation
We start by noting that the Nambu-Goto action (2.1) of the membrane is manifestly reparametrization invariant, and its Lagrangian is a homogeneous function of degree 1 with respect to the generalized velocityẊ. Theṅ 21) and repeated application of ∂/∂Ẋ (λ
As a consequence,Ẋ cannot be expressed as a function of (the coordinates and) the canonical momentum, and the canonical Hamiltonian vanishes. Therefore, one has to introduce new canonical variables and the corresponding Hamiltonian. One possibility is to extend Schild's formulation for strings [16] in which the action is not reparametrization invariant; Schild's approach was considered as a possible starting point for a canonical Hamilton-Jacobi theory both for strings [2, 3] and membranes [17] . However, this approach seems to be affected by integrability problems [18] .
We shall follow an alternative route: we maintain the Nambu-Goto action but develop a new (non-canonical) formalism in which the key ingredient is the non-degenerate, generalized fundamental tensor [19] (3.24) and its inverse
In this reformulation of the theory the role of canonical momentum is assigned to the new quantity
Since the definition (3.20, 3.21) implies 27) and in view of the homogeneity relations (3.21, 3.22) , the new momenta take on the following form
Thus, we can alternatively interpret P (λµν) as the dynamical variable conjugate to 2ρẊ (λµν) with respect to the new Lagrangian L 2 . Moreover, equation (3.26) yieldṡ
and thanks to the homogeneity relations (3.21), (3.22) , it is easy to verify that a double multiplication of (3.24) byẊ, yields the lagrangian squared
Equations (3.28),(3.29),(3.30) reflect the rationale of the above procedure: the formal analogy between (3.30) and the generally covariant lagrangian for a " pointlike particle " of " mass " 2ρ 2 , moving in a Riemannian super-space endowed with a " metric " G αβγ,λµν , and " four-velocity "Ẋ, immediately suggests the definition of a Hamiltonian function H(P ) defined through the Legendre transform
From the definitions (3.26),(3.31) one can verify the following reciprocity relations
Finally, from eqs.((3.32), (3.33), (3.34)), in view of the symmetrical reciprocity between L and H, we assume that the sign of L and H must coincide:
Now we have at our disposal a suitable Hamiltonian formalism characterized by the momentum P λµν as defined in (3.26) . Note that H is a positive-homogeneous function of the first order and of degree 1 with respect to P λµν ,
The corresponding Hamilton-Jacobi equations are:
Finally, from these equations and the homogeneity condition ((3.36)) we obtain the generalized Hamilton-Jacobi equation
in a form which is applicable to our specific problem. For the Nambu-Goto system under consideration, the generalized Hamilton-Jacobi equation becomes a " field equation " under the canonical extension described in Sect.2
where
Thus, the essence of the above formalism is to select as the " hamiltonian " the square root of the momentum-squared; then, the Hamilton-Jacobi eq.(3.38) represents the square root of a generalized mass-shell condition for Π λµν .
It is perhaps instructive, at this point, to check that this formalism reproduces well known results in the simple case of a point-like particle: the relativistic Lagrangian for a point-like particle of mass m, moving along a world-line
In this case the fundamental tensor (3.27) reduces to the usual metric tensor:
and the momentum is simply
Now, the square of the Hamiltonian defined according to the Legendre transform (3.31) is which is nothing but the square-root of the mass-shell condition:
The corresponding " field theory " can be expressed in terms of the slope field U µ (x):
which coincides, along the particle world-line, with the unit norm 4-velocity. Thus, U µ (x) can be interpreted as a relativistic velocity field, consistently with our previous remarks in Sect.2. The action element (2.9) is now the 1-form
If Ω is closed, then U µ (x) is the geodesic field embedding the point particle:
As expected, only one Clebsch potential is required for a pointlike object. The Hamilton-Jacobi equation (3.46) turns into the field equation
which is just the WKB approximation to the quantum Klein-Gordon equation for a particle of mass m described by the scalar field φ(x). Indeed by setting φ(x) ∝ exp ī h S(x)
in the Klein-Gordon equation one obtains eq.(3.50) in the leading order in 1/h.
The application of this formalism to the case of a spherical bubble will be discussed in section 5.
Returning to our general discussion, the link between this generalized H-J formulation and the Lagrangian description is provided by the following theorem:
If S j (x), j = 1, 2, 3 is a solution of the H-J eq.(3.39) and x µ = X µ (ξ) is a solution of Π λµν = S (λµν) (X(ξ)), then x µ = X µ (ξ) solves the Lagrange equations obtained from (2.1).
The general proof is given in ref. [2] (Phys. Rep. sec.7.3 ). In our case it implies that if Π λµν (ξ) = S λµν (x = X(ξ)), then x = X(ξ) is a solution of the classical equations of motion of the membrane. Let us verify that this is indeed the case: consider the matrix
The antisymmetry of the determinant allows us to write
Therefore, eq.((3.51)) can be written as
The bar refers to the co-factor (∆∆ =∆∆ = det∆). Since the derivative of a co-factor is given by
On the other hand, we have
and also
Comparing (3.57) and (3.58) we find
Thus we conclude that
that is, the Lagrange equations are satisfied, and our assertion is proved. We shall make use of this theorem in the next section to establish the relation between H-J functions for the membrane and generalized rank-3 Maxwell fields.
The Membrane Maxwell Field
Having discussed the mathematical background underlying the gauge description of the relativistic membrane, we wish, now, to translate the results of the previous sections in a language which is more familiar to the theoretical physicists, i.e. lagrangian field theory. More precisely, we wish to show that the geodesic field can be constructed as a solution of a suitable set of field equations. However, in implementing this idea, it is important to distinguish carefully between the slope field and the geodesic field in the starting lagrangian, since only on-shell one finds a relation between the two fields. As a matter of fact, the slope field and the geodesic field play altogether different roles: the slope field encodes the information about the membrane geometric structure, while the geodesic field describes the gauge properties of the membrane and, by definition, is the covariant curl of a gauge potential. With this distinction in mind, the following approach can be interpreted as a first order formulation of the usual geometric theory of membranes.
Of central importance to this new approach are certain properties of the membrane current which we list below. Irrespective of whether the membrane is closed or open, the associated current
has the following properties: a) when computed along the membrane world-track, J µνρ is proportional to the unit norm tangent element, that is
b) the dual current is proportional to the normal to the membrane world-track, i.e., it is orthogonal to J µνρ , i.e. ǫ αµνρ J µνρ J αβγ = 0. 
word-sheet of a closed string, and
Property a) does not follow automatically from the definition (4.1) because of the singularity that arises along the transverse direction in the coincidence limit in the argument of the delta-function
This divergence stems from the use of the " thin wall " approximation and can be avoided by assigning a physical width a to the membrane, or, in mathematical terms, by approximating δ(x ′ ⊥ − x ⊥ ) with a gaussian of the same width. Then,
√ π, and
Property b) is straightforward:
since there is no totally antisymmetric tensor in the a ′ abc indices in three dimensions.
With properties a) and b) in hands, it would be tempting to identify J µνρ (x) with Φ µνρ (x). However, there is a substantial difference between these two entities, namely, J µνρ is a distribution with support along the membrane world-track, while Φ µνρ (x) is a smooth, regular tensor field defined over the whole spacetime. Accordingly, we suggest the following relation between them
which is our own definition of Φ µνρ (x) in terms of J µνρ (x).
Property c) is valid for closed membranes, and can be proved as follows
Finally, property d) is a special case of the geometric relation 
The divergence operation maps each p-chain into the (p − 1)-chain associated with the boundary of the world-history of the extended object. If, as in the case c), there is no boundary, then eqs (4.8,4.9) yield zero. Moreover, repeated application of the divergence operator maps a p-chain to zero because a boundary has no boundary.
Now we are ready to introduce and discuss a non-linear Lagrangian for the membrane geodesic field, which is partly suggested by the physical interpretation of membranes as extended solitons of an underlying local field theory, and partly by the string non-linear electrodynamics proposed some years ago by Nielsen and Olesen [20] .
The two cases of open and closed membranes have to be discussed separately.
closed membrane
Let us consider the following action
where W µνρ (x) is a totally antisymmetric tensor and g is a dimensional constant. Physical dimensions are assigned as follows:
The B-field which appear in (4.10) as a lagrange multiplier enforcing the transversality of W µνρ , will be identified on-shell, with the membrane gauge potential.
Varying the action (4.10) with respect to B µν and W µνρ , we get the following set of field equations
The closed membrane is represented by a special solution of (4.11), namelŷ
The right hand side of (4.13) is, except for a multiplicative constant, the current distribution associated with the three-dimensional manifold representing the history of a closed membrane. According to c) J µνρ has vanishing divergence. Equation (4.12) then giveŝ
from which it follows that
which is closed by definition) is a 3-form which satisfies (on-shell) the generalized H-J equation (4.15) . In view of our definition (4.6) we can write eq.(4.13) aŝ
The net result of these manipulations is that whileŴ µνρ (x) ∼ J µνρ (x) is a singular field having support only along the membrane history,F µνρ ∼ Φ µνρ (x) is defined over the whole spacetime manifold. However, when evaluated on the membrane world-track, F µνρ is proportional to the volume conjugate momentum. In fact
Conversely, eq.(4.18) defines the canonical volume field Π µνρ (x):
According to the above interpretation, the theorem discussed in the previous section guarantees that F λµν (x) represents the geodesic field of the membrane.
Note that eq.(4.19) implicitly suggests that we identify the term g 2 m with the surface tension ρ of the membrane. That this is indeed the case can be verified directly by inserting the solution (4.17) into the action (4.10). This operation yields the equivalent action for X(ξ),
( 4.20) which represents the action for a free membrane with an effective surface tension ρ ≡ mg 2 .
⋆ Finally, as a consistency check, we wish to show that the gauge field representation in terms of F µνρ leads to the classical equations of motion (2.2). To this end, note that F µνρ satisfies the Bianchi identities everywhere, so that in view of (4.19)
at each spacetime point. Then we can project eq.(4.21) along the membrane history, that is, we evaluate Π µνρ (x) at x = X(ξ) and take the interior product witḣ open membrane
In the following we first derive a representation of an open membrane in terms of a gauge field and then show that such a representation is equivalent to the geometric representation of an open membrane in terms of the Nambu-Goto action. The key ingredient of this equivalence is the de Rham relation (4.8) with p = 2 and our immediate objective is to show how to derive the de Rham relation from an appropriate extension of the action (4.10). More specifically, we need to modify the action (4.10) so that the variation of the B-field yields an equation of the type: ∂W = const. × closed string current. With this result in hands, property d), discussed in the previous subsection, guarantees that we can construct a solution of the type: W = const. × open membrane current. Using this solution, we can finally transform the " gauge field " action into the Nambu-Goto geometric action associated with the open membrane.
The new action implementing the above idea is
(4.23) Note that the action depends now explicitly on B because of the coupling to the string current, whereas the action (4.10) depends on B only through its field strength .
Varying the action (4.23) with respect to B µν , W µνρ and X µ (s, τ ) we get the following set of field equations
Equation (4.25) is the same as (4.12), and again relates F to W ; according to (4.9), eq.(4.24) admits a special solution, sayŴ µνρ , which is proportional to the current of an open membrane having the string as its only boundary [21] :
Finally eq.(4.26) describes the motion of the boundary under the action of a generalized Lorentz force produced by F . Now, the expression of F in terms of the slope field becomes
with an effective surface tension ρ ≡ g 2 f . From (4.28) one recovers the property that 29) and therefore eq.(4.26) can be written in the form:
Equation (4.30) is precisely the equation of motion of an open membrane coupled to its boundary. As a matter of fact, the same equation of motion can be derived from the equivalent action for X(ξ) and X(s, τ ) 
The Maxwell field of a spherical bubble
As an application of the previous formalism, in this section we derive the form of the static Maxwell field associated with a spherical bubble. To this end, the results of the previous sections can be summarized by the following " recipe " to evaluate F : given a solution of the Lagrange equations ( more precisely a one parameter family of membrane world-histories ), compute the corresponding volume momentum Π(ξ); then use the embedding equations x = X(ξ) together with the equation of motion to write Π as a function of the spacetime coordinate x.
The embedding in Minkowski space of a closed, spherically symmetric membrane can be parametrized as follows,
where 0 ≤ θ ≤ π, 0 ≤ φ < 2π, and −∞ < τ < ∞.
The assumption of spherical symmetry enables us to describe this physical system as a point-particle in a two-dimensional curved mini-superspace [24] . Indeed, the angular variables can be integrated out of the Nambu-Goto action to give
the action ((5.2)) takes the familiar form describing the motion of a point-particle moving in a curved spacetime in which the fundamental tensor (3.27) reduces to the form
According to eq.(3.26) the " momentum " is now
while the Legendre transform (3.31) leads to
Furthermore, from the H-J equation (3.38) one recovers the " mass-shell " relation
(5.6) for a " pointlike particle ", of mass ρ, in superspace.
Note that since polar coordinates have non homogeneous dimensions, the components of the tangent three-vectorẊ µνρ are no longer dimensionless and are explicitly given, in the " proper time " gauge X 0 = τ , by,
and the Lagrange equation leads to the following integral of motioṅ
where the constant R 0 represents the radius of the bubble corresponding to the classical turning pointṘ = 0.
From eq.(2.6) we can evaluate the components of the volume conjugate momentum for a generic bubble trajectory satisfying eq.(5.9)
(5.10)
The above components satisfy the momentum constraint −(1/3!)Π µνρ Π µνρ = ρ 2 .
Finally, in order to obtain the corresponding Maxwell field, we recall that 
The Kalb-Ramond field F µνρ defined above satisfies the H-J equation (3.39)
To show that F ≡ (1/3!)F µνρ dx µ ∧ dx ν ∧ dx ρ is a closed form, let us first set all the unessential constants equal to one; then
where, in the last formula, we have taken advantage of the time independence of r. Collecting the above results we obtain
Finally, we notice that the field F λµν has not been extended to the whole spacetime, but only inside the region 0 ≤ r ≤ R 0 , as it is manifest from the expression F 123 in eq.(5.10). This field representation of a membrane is the counterpart of the Kastrup-Rinke spinning-string field which is defined only inside the cylindrical region r ≤ πA/2 spanned by the classical string motion [23] .
Higher dimensional objects in higher dimensional spacetime
To conclude our paper, in this section we present an extension of the formalism discussed in Section 4 to the case of a hypersurface embedded in a spacetime manifold with an arbitrary number of dimensions. This is partly in recognition of the fact that the study of p-branes constitutes a relevant part of the current research in the formal properties of strings and membranes. For instance, membrane-like objects have been found recently as solutions of d = 10, N = 2 supergravity theories [25] . p-branes are objects extended in p spatial dimensions and are defined in a D ≥ p + 1 dimensional spacetime manifold M by assigning the pair (U, X), where U is a connected, orientable, (p+1)-dimensional manifold representing the world hypersurface of the extended object, and X is an embedding of U as a timelike submanifold of M. Then, the theory of classical p-brane dynamics is encoded into the generalized Dirac-Nambu-Goto action [26] 
where ρ p is the hypersurface tension, {ξ 1 , . . . ξ p } are local coordinates on U, anḋ
represents the tangent (p+1)-vector to the world hypersurface.
Actually, one has to distinguish the case of p-branes with p + 1 < D, from the extreme case of a " p-bag " characterized by p + 1 = D. In the latter case the number of dimensions of the world-hypertube swept by the p-bag is equal to the number of spacetime dimensions of M, so that the embedding X is equivalent to a general coordinate transformation in M. In other words, the gauge theory of a p-bag is " pure gauge ". Nonetheless, its dynamics is not trivial.
In this case the generalization of our formalism is almost straightforward unless one requires some compactification mechanism to get rid, at low energy, of the extra spatial dimensions. In this connection, one usually considers the coupling of a p-brane to a gauge (p+1)-form in the presence of gravity. While the actual process of compactification is of no concern to us at present, it leads us to consider the extension to higher dimensions of the general covariant lagrangian model introduced in Section 4.
For the sake of simplicity we shall consider here only closed p-branes, and focus our discussion on two main points: i) the equivalence of the action
3) with D-dimensional General Relativity minimally coupled with a p-brane;
ii) the self-consistency of the model.
In eq.(6.3),ḡ stands for the coupling constant while g = detg µν (x); furthermore, ∇ µ represents the usual, Christoffel covariant derivative which, on account of the total antisymmetry of the gauge field strength F , can be replaced by the ordinary partial derivatives
The field equations derived from the action (6.3) are 6) where the energy momentum tensor is
7) The indices µ, ν, in the second term in the square bracket are symmetrized. In complete analogy to the discussion of Section 4, the closed p-brane now is repre-sented by a solution of the covariant equation (6.4) 8) where the constant m has now dimensions of length (D−p−3) . To show the equivalence with D-dimensional General Relativity coupled to a closed p-brane we need to identify equation (6.7) with the expression of the energy-momentum tensor of the extended object. This is accomplished by noting that the " matter lagrangian " L(W, B) vanishes for any solution of eq.(6.5), and so does the mixed W -F term. Therefore, the on-shell energy-momentum tensor reads
which proves our first point.
Next, as far as the self-consistency of the system of equations (6.4), (6.5), (6.6), is concerned, we must check that the on-shell energy momentum tensor is covariantly conserved.
⋆ For conciseness, in the following we define
(6.10) The surface term in (6.10) does not contribute because the p-brane has no boundary, and totally anti-symmetrized covariant derivatives can be replaced by ordinary partial derivatives:
= 0 . (6.11) Thus, the energy momentum tensor is conserved, and can be substituted into the Einstein equations whenever X(ξ) represents a solution of the p-brane classical equation of motion
In this connection, it is worth observing that, just as in the usual formulation of General Relativity in four dimensions, the classical equations of motion for the extended object emerge as a consistency condition on the general covariant formulation of the model. This is in contrast to the formulation in Minkowski spacetime discussed in Section 4 where the equations of motion of the membrane were obtained by projecting the Bianchi Identity for the membrane field strength along the world-hypertube.
inside the open spacetime subset U. Finally, the "Lorentz force equation" (6.16) becomes the boundary equation of motion subject to the " external force " provided by the bag.
Having established the self consistency of the matter-gravity sector of the model in both the above cases, one can add gauge (p + 1) forms and start to look for compactified classical solutions describing the four dimensional physical spacetime times a compact, un-observable extra space. In this connection, the main technical achievement of our reformulation of p-brane theory, is that instead of working with an hardly tractable system of equations coupling extended objects to local fields, we can now deal with local field equations alone, thereby greatly simplifying the problem. Finally, it should be noted that the special case of string induced compactification in the framework of the Nambu-Hosotani field theory of strings, has been discussed in ref. [28] . Our present generalization of the Nambu-Hosotani description of string dynamics provides the tool to investigate the problem of higher dimensional object induced spacetime compactification.
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Appendix: the rank of a differential form
The following definitions and theorems has been collected from ref. [9] .
Let α be a p-form. A vector X defines a (p-1)-form through interior product i(X)α.
Example.-α = 1 2 α ij dx i ∧ dx j , and X = X k ∂ k then i(X)α = X i α ij dx j . Given a subspace F of the manifold E, let us consider the set Λ(E/F ) of all forms orthogonal to F Λ(E/F ) = {α ∈ Λ(E) : i(X)α = 0, ∀X ∈ F } where Λ(E) is the set of all forms on E.
Def. Let α be an exterior form on E. The associated vector subspace A(α) is the greatest subspace H of E such that α ∈ Λ(E/H), i.e. it is the vector subspace {X ∈ E : i(X)α = 0, } .
Example.-For a 2-form α = 1 2 α ij dx i ∧ dx j defined over an n-dimensional manifold E, i(X)α = 0 ⇒ v i α ij = 0, ∀j. These equations define a subspace H of the original space E, spanned by the null eigenvectors of the n × n antisymmetric matrix α ij . The rank of this matrix is given by the codimension of the associated space: rank of α = n − dimH .
(8.1)
Generalizing this Example.-we have:
Def. The associated system of α is the subspace Λ * (α) = A(α) ⊥ of the forms orthogonal to the space A(α).
Def. The rank of α is the dimension of the associated system Λ * (α).
So, eq.(8.1) is true in general, and we can say that rank = least number of linearly independent forms necessary to express α = codimension of the associated space A(α) .
Also, the following inequality holds true: form-degree ≤ rank ≤ manifold-dimension; thus rank ( 0-form ) = 0 rank ( null-form ) = 0 rank (non-vanishing 1-form ) = 1 degree n ⇒ rank n degree n − 1 ⇒ rank n − 1 degree n − 2 ⇒ either n − 2orn degree 2 ⇒ rank even = 2s if α s = 0 and α s+1 = 0
From the above relations one sees that a 3-form in four dimensions has always rank three, which is the property we have used throughout the paper.
def. The characteristic subspace of α at a point y of E, is the subspace C y (α) of the tangent space T y (E), that is, the intersection of Λ(α(y)) and Λ(dα(y)) def. The characteristic system of α at a point y of E, is the subspace C * y (α) of the cotangent space T * y (E), orthogonal to C y (α) def. The class of α is the dimension of the characteristic system. For a closed form, class=rank.
Example.-α = (x 2 + y 2 )dy on the real plane R 2 ; dα = 2x dx ∧ dy. Then, rank of α = 1, unless x = y = 0. If x = 0, then class= 2; if x = 0, then y = 0 class= 1; if x = y = 0 then class= 0.
The constant(=is the same over the whole manifold) class of the form α is the least number of independent functions necessary to express α.
Example.-β = β(x, y, z)dx ∧ dy in R 3 is of rank 2 and class 3 (in three dimensions).
If degree=constant class, then there exists a system of local coordinates (y 1 , . . . , y m ), on an open set U, such that:
Summary
A non-vanishing (n − 1)-form defined over an n-dimensional space has rank n − 1 ( if it is non-vanishing ).
If the form is not closed, its class is n. The action (B1) is not invariant under re-parametrization and must be parametrized " by hand " [29] , which means introducing three new parameters {σ a } = {σ 0 , σ 1 , σ 2 }, describing the path of the membrane in state space( = phase space × parameter space ). Moreover, we promote the original parameters ξ a to the role of dynamical so it can be written as Π ijk ≡ δ [ijk] Π(ξ). Then, eq. (B8) gives
If it is closed, its class is
Varying Π ijk in (B7) we obtain the classical solution for the Lagrange multiplier Note that h(P ) does not depend from ξ a , so we are allowed to use the equations of motion to eliminate ξ a from the action. 
